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GROUND STATES AND ZERO-TEMPERATURE
MEASURES AT THE BOUNDARY OF ROTATION SETS
TAMARA KUCHERENKO AND CHRISTIAN WOLF
Abstract. We consider a continuous dynamical system f : X → X on
a compact metric space X equipped with an m-dimensional continuous
potential Φ = (φ1, · · · , φm) : X → R
m. We study the set of ground
states GS(α) of the potential α · Φ as a function of the direction vec-
tor α ∈ Sm−1. We show that the structure of the ground state sets is
naturally related to the geometry of the generalized rotation set of Φ.
In particular, for each α the set of rotation vectors of GS(α) forms a
non-empty, compact and connected subset of a face Fα(Φ) of the ro-
tation set associated with α. Moreover, every ground state maximizes
entropy among all invariant measures with rotation vectors in Fα(Φ).
We further establish the occurrence of several quite unexpected phenom-
ena. Namely, we construct for any m ∈ N examples with an exposed
boundary point (i.e. Fα(Φ) being a singleton) without a unique ground
state. Further, we establish the possibility of a line segment face Fα(Φ)
with a unique but non-ergodic ground state. Finally, we establish the
possibility that the set of rotation vectors of GS(α) is a non-trivial line
segment.
1. Introduction
1.1. Motivation. It is a central problem in the thermodynamic formal-
ism to describe the family of equilibrium states µt associated with a one-
parameter family of observables tϕ of a given potential ϕ on the phase space.
Here the parameter t is viewed as the inverse temperature 1/T and conse-
quently large values of t correspond to an equilibrium µt at temperature
close to zero. It is then a natural problem to classify the asymptotic behav-
ior of such measures when temperature approaches zero and, in particular,
to gather information about the corresponding limit equilibria. These lim-
its are of great interest since they are so-called ground states, i.e. states
supported on configurations with minimal energy [24]. If this limit exists
(i.e. the ground state is unique) we call the corresponding limit a zero
temperature measure.
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In this paper we consider deterministic discrete-time dynamical systems
given by a continuous map f : X → X on a compact metric space X.
To capture information about the statistical properties of the dynamical
system we denote by M the set of all Borel invariant probability measures.
We endow M with the weak∗ topology which makes M a compact convex
topological space. Given a continuous potential ϕ : X → R we say µ ∈M is
an equilibrium state of the potential ϕ if µ maximizes ”free energy,” that is
hµ(f) +
∫
ϕdµ = sup
{
hν(f) +
∫
ϕdν : ν ∈M
}
, (1)
where hν(f) denotes the measure-theoretic entropy of f with respect to ν.
We note that by the variational principle the supremum on the right-hand
side of (1) coincides with the topological pressure of ϕ. To avoid making
vacuous statements we shall always assume that the entropy map µ 7→ hµ(f)
is upper semi-continuous which guarantees that the set of equilibrium states
ES(tϕ) of the potential tϕ contains at least one invariant measure. We say
a measure µ is a ground state of the potential ϕ if µ is the weak∗ limit of
a sequence of equilibrium states µtn ∈ ES(tnϕ) for some sequence tn →∞.
It follows that every ground state µ of ϕ is a maximizing measure, that is µ
maximizes the integral
∫
ϕdν among all invariant probability measures (see
[16]). In the presence of a unique ground state (i.e. the limit limt→∞ µt
exists) we call this limit the zero-temperature measure of the potential ϕ.
Ground states and zero-temperature measures play a fundamental role
in statistical physics; yet their rigorous mathematical treatment has just
been developed during the last fifteen years. The class of systems that have
been intensively studied are systems with strong thermodynamic properties
which include subshifts of finite type and expanding maps and Ho¨lder con-
tinuous potentials. In this setup tϕ has a unique equilibrium state µt and
µt is a Gibbs measure. Contreras, Lopes and Thieullen [10] established the
existence of the zero-temperature limit for a generic set of Ho¨lder potentials.
Later, Bremont [1] proved that for subshifts of finite type and potentials that
are locally constant the zero-temperature limit exists. This result had been
generalized by Leplaideur [21] who also provided a new proof of Bremont’s
theorem. Recently, Chazottes and Hochman constructed an example of a
Lipschitz continuous potential on a one-sided shift space with two distinct
ergodic ground states [3]. One of the main open questions in this area is
that given a particular class of systems, does there exist a generic set of po-
tentials for which the zero-temperature measure is supported on a periodic
orbit. This question has been positively answered by Contreras [9] in the
case of expanding maps and Lipschitz continuous potentials by building up
on previous results of Moris [23]. Finally we note that ground states and
zero-temperature measures have also been studied in the context of count-
able Markov shifts by Kempton [13] and Jenkinson, Mauldin and Urbanski
[17].
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Our approach in this paper is slightly different. Namely, we consider
an m-dimensional continuous potential Φ = (φ1, · · · , φm) and then study
the ground states and zero-temperature limits of potentials that are linear
combinations
α1 · φ1 + · · ·+ αm · φm
of the coordinate functions of Φ. Since the corresponding ground states are
accumulation points of µtα·Φ it suffices to consider coefficients (α1, ..., αm) =
α on the unit sphere in Rm. We refer to these α as direction vectors. We
then study the set of ground states GS(α) of potentials α ·Φ as a function of
α. We refer to µ ∈ GS(α) as a ground state in the direction of α. Moreover,
we are interested in their rotation vectors rv(µ) = (
∫
φ1dµ, · · · ,
∫
φmdµ)
which are particular points in the rotation set Rot(Φ) = rv(M).
It turns out that there is a natural connection between the rotation vectors
of the ground states and the geometry of the rotation set. Intuitively, the
rotation vectors of the ground states should be located on the boundary of
the corresponding rotation set. This paper is motivated by a question of
Artur Oscar Lopes who asked us if the rotation classes of vectors at the
boundary of a rotation set necessarily contain a ground state. We will now
describe our results in more detail.
1.2. Statement of the Results. Let f : X → X be a continuous map on a
compact metric space. We assume that f has finite topological entropy and
that the entropy map of f is upper semi-continuous. The latter guarantees
that every continuous potential ϕ has at least one equilibrium state µϕ.
Given an m-dimensional potential Φ = (φ1, · · · , φm) ∈ C(X,R
m) we denote
by Rot(Φ) = {rv(µ) : µ ∈M} the (generalized) rotation set of Φ. It follows
from the definition that the rotation set is a compact and convex subset of
R
m. Rotation sets are natural generalizations of Poincare´’s rotation number
of an orientation preserving homeomorphism on a circle that have been been
recently studied by several authors ([1], [14], [11], [15], [18], [20], [22] and
[26]).
Given a rotation set Rot(Φ), there is a natural correspondence between
a direction vector α and the associated face Fα(Φ) of Rot(Φ) (see Section 3
for the precise definition). The following theorem establishes the connection
between the ground states of α ·Φ and Rot(Φ) (see Theorem 1 in the text).
Theorem A. Let f be a continuous map on a compact metric space for
which the entropy map is upper-semi continuous. Let Φ : X → Rm be a
continuous potential and let α be a direction vector. Then
(a) If µ is a ground state in the direction of α then rv(µ) ∈ Fα(Φ) and
hµ(f) = sup {hν(f) : rv(ν) ∈ Fα(Φ)}.
(b) The set {rv(µ) : µ ∈ GS(α)} is compact. Further, if for large enough
t there exist unique equilibrium states µt of the potential tα · Φ and
t 7→ rv(µt) is continuous then {rv(µ) : µ ∈ GS(α)} is connected.
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Theorem A connects the rotation vectors of the ground states of α ·Φ to
the geometry of the boundary of the rotation set Rot(Φ). This is particularly
useful for systems and potentials where we have a good understanding of
the corresponding rotation sets. We note that in general the geometry of
rotation sets is quite complicated. Indeed, we recently proved in [18] that
for subshifts of finite type every compact and convex set K ⊂ Rm is attained
as the rotation set of some m-dimensional potential Φ. On the other hand,
if f is a subshift of finite type and Φ is locally constant, then by Ziemian’s
theorem [26] the rotation set is a polyhedron and hence its boundary is the
union of finitely many faces. Moreover, by Bremont’s theorem the zero-
temperature limit exists for all direction vectors α. Therefore, it follows
from part (a) of Theorem A that for subshifts of finite type and locally
constant potentials the set of boundary points with a ground state in its
rotation class has dimension at most m− 2. In particular, in R2 this set is
finite.
Obviously, the statement that {rv(µ) : µ ∈ GS(α)} is connected is only
of relevance in situations where rv(GS(α)) contains more than one rotation
vector. For example, it is known (see [10] and [16]) that there exists a
generic subset S of the Banach space of Ho¨lder continuous potentials such
that if α · Φ ∈ S then there exists a unique ground state and in particular
{rv(µ) : µ ∈ GS(α)} is a singleton. As a counter part to this result we
construct in Theorem 4 an example for which {rv(µ) : µ ∈ GS(α)} is a
non-trivial line segment.
Next, we discuss different classes of boundary points. Recall that w ∈
∂Rot(Φ) is an exposed point if {w} is a face of Rot(Φ). Moreover, we say
the face {w} is smooth if it corresponds to a unique direction vector α (see
Section 2.4 for the exact definitions). It is an immediate consequence of
Theorem A that the rotation class of an exposed point w contains at least
one ground state µ (that is rv(µ) = w) and that µ maximizes entropy within
this rotation class. One might suspect that in the case of a smooth exposed
point w the zero-temperature limit necessarily exists. However, the following
theorem shows that this is not true independently of the dimension m (see
Theorem 3 and Corollary 3 in the text).
Theorem B. Let f : X → X be the one-sided full shift map. Then for every
m ∈ N there exists a continuous potential Φ : X → Rm such that Rot(Φ)
has a smooth exposed point with direction vector α and GS(α) contains two
distinct ergodic ground states in the direction of α.
The construction of the potential Φ in Theorem B uses the result of Cha-
zottes and Hochman [3] about the existence of a one-dimensional potential
with two distinct ergodic ground states. Our contribution to the proof of
Theorem B is to extend this potential to a m-dimensional potential with
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the desired properties. Notice that our construction works for rather gen-
eral classes of systems and also does not use the specific form of the one-
dimensional potential in [3]. Therefore, our approach could be applied to
extend other one-dimensional phenomena to higher dimensions.
Finally, we consider non-exposed boundary points. In the case when X
is a one-sided shift map we construct a potential Φ : X → R2 for which
we are able to completely control the shape of the rotation set Rot(Φ) (see
Example 1). In particular, we can assure (see Proposition 1) that ∂Rot(Φ)
is an infinite polygon for which we are able to compute the coordinates of
the vertices. Furthermore, we obtain the following (see Proposition 2).
Theorem C. Let f : X → X be a one-sided full shift over an alphabet with
4 symbols. Then there exists Φ ∈ C(X,R2) such that Rot(Φ) has a line
segment face Fα(Φ) with the following properties:
• ∂Rot(Φ) is an infinite polygon;
• GS(α) = {µα}, µα is non-ergodic and rv(µα) ∈ intFα(Φ);
• rv(GS(α′)) ∩ Fα(Φ) = ∅ for all direction vectors α
′ 6= α.
By slightly modifying the construction in Theorem C we can collapse the
endpoints of the face Fα(Φ) into one single point w. This point w then
becomes a smooth exposed boundary point that does not contain a non-
ergodic ground state in its rotation class (see Proposition 4).
This paper is organized as follows. In Section 2 we review some basic
concepts and results about ground states, zero-temperature measures and
the thermodynamic formalism. Section 3 is devoted to the proof of Theorem
A. In Section 4 we discuss ground states that belong to the rotation classes
of exposed boundary points; in particular we present the proof of Theorem
B. Finally, in Section 5 we construct an example of a rotation set whose
boundary is an infinite polygon and show that this example displays several
possibilities for ground states on line segments.
2. Preliminaries
In this section we discuss relevant background material which will be
used later on. We will continue to use the notations from Section 1. Let
f : X → X be a continuous map on a compact metric space (X, d). Let M
denote the space of all f -invariant Borel probability measures on X endowed
with the weak∗ topology. This makes M a compact convex space. Moreover,
let ME ⊂ M be the subset of ergodic measures. In this paper we use
as a standing assumption that f has finite topological entropy and that
the entropy map µ 7→ hµ(f) is upper semi-continuous on M. Here hµ(f)
denotes the measure-theoretic entropy of f with respect to µ (see [25] for
the definition and details).
2.1. Thermodynamic formalism. Given a continuous one-dimensional
potential ϕ : X → R we denote the topological pressure of ϕ (with respect
to f) by Ptop(ϕ) and the topological entropy of f by htop(f) (see [25] for
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the definition and further details). The topological pressure satisfies the
well-known variational principle, namely,
Ptop(ϕ) = sup
µ∈M
(
hµ(f) +
∫
X
ϕdµ
)
. (2)
A measure µ ∈M that attains the supremum in (2) is called an equilibrium
state (or equilibrium measure) of the potential ϕ. We denote by ES(ϕ)
the set of all equilibrium states of ϕ. Note that ES(ϕ) is a compact and
convex subset of M. Moreover, our standing assumption that the entropy
map is upper semi-continuous implies that ES(ϕ) 6= ∅, in particular ES(ϕ)
contains at least one ergodic equilibrium state.
2.2. Ground states and zero-temperature measures. Next we give
the definition for ground states as well as for zero-temperature measures.
Let ϕ ∈ C(X,R) be a continuous potential. We say µ ∈ M is a ground
state of the potential ϕ if there exists an increasing sequence (tn)n ⊂ R with
tn → ∞, and a corresponding sequence of equilibrium states (µtn)n such
that µtn ∈ ES(tnϕ) and µtn → µ as n → ∞. Here we think of t as the
inverse temperature and T = 1/t as the temperature of the system. This
means that the measure µ is an accumulation point of equilibrium states
when the temperature approaches zero. We denote by GS(ϕ) the set of all
ground states of ϕ.
In order to define zero-temperature measures we require convergence of
the measures µtϕ rather than only convergence of a subsequence. Namely,
suppose there exists t0 ≥ 0 such that for all t ≥ t0 the potential tϕ has a
unique equilibrium state µtϕ (i.e. ES(tϕ) is a singleton). We say µ ∈ M
is a zero-temperature measure of the potential ϕ if µ is the weak∗ limit of
the measures µtϕ. Uniqueness of the equilibrium states is known to hold for
certain classes of systems and potentials including Axiom A systems, sub-
shifts of finite type and expansive homeomorphisms with specification and
Ho¨lder continuous potentials. Recently, there has been significant progress
in generalizing uniqueness result for equilibrium states to wider classes of
shift transformations, non-uniformly hyperbolic maps and flows (e.g. [4],
[5], [6] and [7]). We refer to the overview article [8] for further references
and details.
Notice that the fact that each tϕ has a unique equilibrium state does in
general not guarantee the existence of a zero-temperature measure. This
is shown by Chazottes and Hochman in [3]. They construct a subshift of
finite type and a Lipschitz continuous potential ϕ such that GS(ϕ) contains
two distinct ergodic measures. On the other hand, results about the con-
vergence of the sequence µtϕ are known only for special classes of system
(subshifts of finite type and expanding systems) and potentials (see [2], [9],
[21]). We consider in this paper general classes of systems and in particular
only require upper-semi continuity of the entropy map with the main focus
on ground states.
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2.3. Rotation sets and entropy. We now introduce generalized rotation
sets and entropy of rotation vectors. We refer to [18, 15] and the references
therein for details and further accounts. For Φ = (φ1, · · · , φm) ∈ C(X,R
m)
we define the rotation set of Φ and f by
Rot(Φ, f) = {rv(µ) : µ ∈M} , (3)
where rv(µ) =
(∫
φ1 dµ, . . . ,
∫
φm dµ
)
denotes the rotation vector of the
measure µ. Since we will always work with a fixed dynamical system (X, f)
we frequently omit the dependence on f in the notation of the rotation set
and write Rot(Φ) instead of Rot(Φ, f). For w ∈ Rot(Φ) we call MΦ(w) =
{µ ∈ M : rv(µ) = w} the rotation class of w. Similarly, for a subset
F ⊂ Rot(Φ) we call MΦ(F ) = {µ ∈M : rv(µ) ∈ F} the rotation class of F .
Next we define the entropy of rotation vectors. Following [15, 18] we
define the entropy of w ∈ Rot(Φ) by
H(w)
def
= sup{hµ(f) : µ ∈M and rv(µ) = w}. (4)
The number H(w) is also called localized entropy of w (see [19]). It follows
from the upper-semi continuity of µ 7→ hµ(f) that the supremum in (4) is
attained by at least one invariant measure and we call such a measure µ a
localized measure of maximal entropy at w. Further, the map w 7→ H(w) is
continuous on Rot(Φ), see [18].
2.4. Notions from convex geometry. Next we recall some notions from
convex geometry (see e.g. [12, Ch. 2]). For m-dimensional vectors u =
(u1, ..., um) and v = (v1, ..., vm) we write u · v = u1v1 + ... + umvm for the
inner product of u and v. We also write pri(v) for the i-th coordinate of v.
Let B(v, r) denote the open ball about v ∈ Rm of radius r with respect to
the Euclidean metric. A subset K ∈ Rm is convex if for every u, v ∈ K we
have that tu + (1 − t)v ∈ K for all t ∈ (0, 1). A point w ∈ K is called an
extreme point of K if w = tu+(1− t)v for some t ∈ (0, 1) and some u, v ∈ K
implies u = v = w.
We will work with the standard topology on Rm. For K ⊂ Rm we denote
by int(K) the interior of K and by ∂K the boundary of K. The relative
interior, denoted by ri(K), is the interior of K with respect to the topology
of the smallest affine subspace of Rm containing K.
For a non-zero vector α ∈ Rm and a ∈ R the hyperplane H = Hα,a
def
=
{u ∈ Rm : u · α = a} is said to cut K if both open half spaces determined
by H contain points of K. Here α is a normal vector to H. We say that H
is a supporting hyperplane for K if its distance to K is zero but it does not
cut K.
A set F ⊂ K is a face of K if there exist a supporting hyperplane H such
that F = K ∩H. We say a normal vector α to H is pointing away from K if
for w ∈ H the point α+w belongs to the open half space of Rm\H that does
not intersectK. We note that ifK has a non-empty interior then there exists
a unique unit normal vector to H that is pointing away from K. A point
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w ∈ K is called exposed if {w} is a face ofK. We say w ∈ ∂K is smooth if the
supporting hyperplane ofK that contains w is unique. A compact convex set
is strictly convex if all its boundary points are exposed. Every exposed point
of K is an extreme point, but not vice versa. For example, consider a set
K = {(v1, v2) ∈ R
2 : v21+v
2
2 ≤ 1}∪{(v1, v2) ∈ R
2 : −1 ≤ v1 ≤ 1, 0 ≤ v2 ≤ 1}.
Then the points (−1, 0) and (1, 0) are extreme but not exposed.
We will split the boundary points of a given rotation set in three groups:
exposed points, extreme non-exposed points and non-extreme. In the follow-
ing sections we analyze these groups of boundary points and derive results
about the existence/non-existence of ground states and zero-temperature
measures in their rotation classes.
3. Ground states at the boundary of rotation sets.
In this section we study the relation between ground states and entropy-
maximizing measures at the boundary of the rotation set. As before, we
consider a continuous dynamical system f : X → X with finite topological
entropy and an upper semi-continuous entropy map. We start by introducing
some notation.
Let Φ ∈ C(X,Rm) be fixed, and let Rot(Φ) be the corresponding rotation
set of Φ. We call Sm−1 = {α ∈ Rm : ‖α‖ = 1} the set of direction vectors.
Given a direction vector α we denote by Hα(Φ) the supporting hyperplane
of Rot(Φ) for which α is the normal vector that points away from Rot(Φ).
Since Rot(Φ) is a compact convex set, it follows from standard arguments in
convex geometry that Hα(Φ) is uniquely defined. For w ∈ ∂Rot(Φ) we write
γ(w) = {α : w ∈ Hα(Φ)} and call γ(w) the set of direction vectors associated
with w. We denote Fα(Φ)
def
= Rot(Φ)∩Hα(Φ) for the face of the rotation set
associated with the direction vector α. We write α ·Φ(x) = α1φ1(x) + · · ·+
αmφm(x) and observe that α · Φ is a one-dimensional continuous potential.
If µ ∈ GS(α)
def
= GS(α ·Φ) we say that µ is a ground state in the direction of
α. Evidently GS(α) 6= ∅, and µ ∈ GS(α) is a zero-temperature measure of
the potential α ·Φ if and only if GS(α) is a singleton. In this case we write
ZTM(α) for GS(α). We call GS(Φ)
def
=
⋃
α∈Sm−1 GS(α) the set of ground
states of Φ and denote by ZTM(Φ) ⊂ GS(Φ) the subset of zero temperature
measures of Φ.
The following theorem states that all ground states are entropy-maximizing
measures at the boundary of the rotation set of Φ. More precisely, every
ground state in the direction of α has its rotation vector on the supporting
hyperplane Hα(Φ) and maximizes entropy among all measures in the rota-
tion class of the face Rot(Φ) ∩ Hα(Φ). In particular, every face of Rot(Φ)
contains at least one rotation vector with a corresponding ground state and
if a face contains multiple ground states, they all have the same entropy. We
further show that the set of all ground states in the direction α is a compact
and (under mild additional assumptions) connected set.
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Theorem 1. Let f be a continuous map on a compact metric space for
which the entropy map is upper-semi continuous. Let Φ : X → Rm be a
continuous potential and let α be a direction vector. Then
(a) If µ is a ground state in the direction of α then rv(µ) ∈ Hα(Φ) and
hµ(f) = sup {hν(f) : rv(ν) ∈ Fα(Φ)}.
(b) The set {rv(µ) : µ ∈ GS(α)} is compact. Further, if for large enough
t there exist unique equilibrium states µt of the potential tα · Φ and
t 7→ rv(µt) is continuous then {rv(µ) : µ ∈ GS(α)} is connected.
Proof. We first prove (a). Using that α is the unique unit normal vector of
Hα(Φ) that points away from Rot(Φ) we may conclude for all w ∈ Hα(Φ)
that
Rot(Φ) \Hα(Φ) ⊂ {v ∈ R
m : α · (w − v) > 0}. (5)
Let U be any open set that contains the face Fα(Φ) = Rot(Φ) ∩ Hα(Φ).
Then Rot(Φ) \ U is a compact set which does not intercept Hα(Φ) and
consequently ε
def
= dist(Rot(Φ) \ U,Hα(Φ)) > 0. Let µ, ν ∈ M be measures
with rv(µ) ∈ Hα(Φ) and rv(ν) /∈ U . Let t >
2
εhtop(f). Applying (2) and (5)
we obtain
Ptop(tα · Φ) ≥ hµ(f) +
∫
tα · Φ dµ
≥ hν(f)− htop(f) + tα ·
∫
Φ dµ
= hν(f)− htop(f) + tα ·
∫
Φ dν + tα · (rv(µ)− rv(ν))
≥ hν(f)− htop(f) + tα ·
∫
Φ dν + t dist(rv(ν),Hα(Φ))
≥ hν(f)− htop(f) + tα ·
∫
Φ dν + tε
> hν(f) + tα ·
∫
Φ dν + htop(f).
Hence
Ptop(tα · Φ)−
(
hν(f) +
∫
tα · Φ dν
)
> htop(f), (6)
and we conclude that ν is not an equilibrium state of tα·Φ. It follows that for
t > 2εhtop(f) the rotation vectors of all equilibrium states of the potentials
tα · Φ must be contained in U , and thus rv(GS(α)) ⊂ U . Since U was an
arbitrary open set containing Fα(Φ), we conclude that rv(GS(α)) ⊂ Fα(Φ).
Next we show that µ ∈ GS(α) maximizes entropy among the invariant
measures with rotation vectors in Fα(Φ). Since µ is a ground state in the
direction of α there exist an increasing sequence (tn)n ⊂ R with tn →∞ and
a corresponding sequence of equilibrium states (µtn)n ⊂
⋃
nES(tnα·Φ) such
that µtn → µ as n→∞. Hence, rv(µtn)→ rv(µ) as n→∞. For each tn we
consider the hyperplaneH(tn) = Hα,rv(µtn )
def
= {w ∈ Rm : α·w = α·rv(µtn)}.
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We note that H(tn) and Hα(Φ) are parallel hyperplanes with distance at
most ||rv(µtn)− rv(µ)||.
We claim that hµtn (f) ≥ H(w) for all w ∈ H(tn) ∩ Rot(Φ). Let w ∈
H(tn) ∩ Rot(Φ) and let ν ∈ MΦ(w). Since α · w = α · rv(µtn) we conclude
that∫
tnα · Φdν = tnα · rv(ν) = tnα · w = tnα · rv(µtn) =
∫
tnα · Φdµtn .
On the other hand, since µtn is an equilibrium state of the potential tnα ·Φ
it follows from (2) that hµtn (f) ≥ hν(f). Since ν ∈ MΦ(w) was arbitrary
we obtain that hµtn (f) ≥ H(w) which proves the claim.
Suppose w ∈ Fα(Φ). If H(t1) cuts Rot(Φ), there is a point w0 ∈ Rot(Φ)
which belongs to the other half space determined by H(t1) than w. Other-
wise, let w0 be any point in ri(Rot(Φ)). The line segment L = {sw0 + (1−
s)w : s ∈ [0, 1]} ⊂ Rot(Φ) crosses H(t1), and hence is not parallel to any
H(tn). Denote by wn the intersection points of L and H(tn). By construc-
tion dist(H(tn),Hα(Φ))→ 0 and hence wn → w. It follows from the above
argument that H(wn) ≤ hµtn (f). Now the continuity of the map w 7→ H(w)
and the fact that rv(µtn)→ rv(µ) as n→∞ imply that H(w) ≤ hµ(f). We
conclude that µ is entropy-maximizing among the invariant measures with
rotation vectors in the face Fα(Φ).
Finally, we prove (b). The assertion that {rv(µ) : µ ∈ GS(α)} is a closed
(and hence compact) subset of Rm follows directly from the definition of
GS(α). To complete the proof we still have to show that {rv(µ) : µ ∈
GS(α)} is connected. Suppose that for large enough t there exist unique
equilibrium states µt of the potentials tα ·Φ and that t 7→ rv(µt) is continu-
ous. The case when {rv(µ) : µ ∈ GS(α)} contains only one rotation vector
is trivial. Therefore, we can assume that there exist at least two distinct ro-
tation vectors associated with the ground states in the direction of α. After
a linear change of coordinates we may assume that Hα(Φ) = R
m−1 × {0}.
Suppose {rv(µ) : µ ∈ GS(α)} is disconnected. Then there exist disjoint
open sets Um−1, Vm−1 ⊂ R
m−1 such (Um−1 × {0}, Vm−1 × {0}) forms a dis-
connection of {rv(µ) : µ ∈ GS(α)}. In particular, there exist measures
ν1, ν2 ∈ GS(α) with rv(ν1) ∈ Um−1 × {0} and rv(ν2) ∈ Vm−1 × {0}.
Given ε > 0 we define sets U(ε) = Um−1 × (−ε, ε) and V (ε) = Vm−1 ×
(−ε, ε) ⊂ Rm. Clearly U(ε) and V (ε) are disjoint open sets in Rm with
rv(GS(α)) ⊂ U(ε) ∪ V (ε). It now follows from (a) that there is t0 > 0 such
that rv(µt) ∈ R
m−1×(−ε, ε) for all t ≥ t0. Moreover, since ν1, ν2 are ground
states in the direction of α there exists t0 ≤ t1 = t1(ε) < t2 = t2(ε) such
that rv(µt1) ∈ U(ε) and rv(µt2) ∈ V (ε).
Note that t 7→ rv(µt) is continuous on [t1, t2] with end points rv(µt1) and
rv(µt2). We conclude that there exists t1 < tε < t2 such that
(pr1(rv(µtε)), · · · ,prm−1(rv(µtε))) 6∈ (Um−1 ∪Vm−1) and |prm(rv(µtε))| ≤ ε.
Letting ε go to zero and applying the compactness of M we can construct a
sequence (εn)n with εn → 0 such that limn→∞ µεn = µ ∈M. It follows from
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the construction that prm(rv(µ)) = 0 and hence rv(µ) ∈ Hα(Φ) \ (U(ε) ∪
V (ε)). This implies that µ ∈ GS(α) and rv(µ) 6∈ (Um−1∪Vm−1)×{0} which
is a contradiction. 
Remarks 1. (i) As noted in Section 2.3 the property that the potentials
tα · Φ have unique equilibrium states holds for various classes of systems
and potentials. In particular, Theorem 1 (b) holds for subshifts of finite
type, hyperbolic systems and expansive homeomorphisms with specification
and Ho¨lder continuous potentials. We note that in these cases the map
t 7→ rv(µt) is real-analytic (see [18]).
(ii) We note that the case |rv(GS(α))| ≥ 2 actually occurs. Indeed, we
construct in Theorem 4 a rotation set with the property that GS(α) is a
non-trivial line segment.
As a consequence of Theorem 1 (a) we obtain following:
Corollary 1. Let f be a continuous map on a compact metric space for
which the entropy map is upper-semi continuous. Let Φ : X → Rm be
a continuous potential and let α be a direction vector. Then the entropy
function H is constant on GS(α).
4. Exposed points.
It follows from Theorem 1 that at an exposed point the corresponding
rotation class necessarily contains a ground state. Moreover, all ground
states in the corresponding direction must have the same rotation vector
and the same entropy. One might suspect that this implies the existence of
a zero-temperature measure. We show in Theorem 3 that contrary to the
intuition such a statement does in general not hold in any dimension m.
First we summarise results from the previous sections applied to exposed
points.
Theorem 2. Let f be a continuous map on a compact metric space for
which the entropy map is upper-semi continuous, and let Φ : X → Rm be a
continuous potential. Suppose w ∈ ∂Rot(Φ) is an exposed point. Then for
every direction vector α ∈ γ(w) and every µ ∈ GS(α) we have rv(µ) = w
and hµ(f) = sup {hν(f) : rv(ν) = w}.
Proof. The result follows immediately from Theorem 1. 
Remark 1. We note that by definition γ(w) 6= ∅. However γ(w) is not
necessarily a singleton. For example, if m = 2 and w is a boundary point
of Rot(Φ) at which ∂Rot(Φ) is not differentiable, then γ(w) is a non-empty
interval in S1 whose endpoints are the unit normal vectors to the right and
left-hand side tangent lines at w.
An immediate consequence of Theorem 2 is the following.
Corollary 2. Let f be a continuous map on a compact metric space for
which the entropy map is upper-semi continuous, and let Φ : X → Rm
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be a continuous potential. Suppose w ∈ ∂Rot(Φ) is an exposed point with
a unique localized measure µ of maximal entropy at w. Then for every
α ∈ γ(w) we have GS(α) = {µ}. In particular, if ES(tα · Φ) is a singleton
for large enough t, then the sequence of equilibrium measures µtα·Φ converges
to µ as t → ∞, that is µ is a zero-temperature measure in the direction of
α.
Corollary 2 states that all the sequences tα · Φ converge to the same
measure µ independently of α. An example of a system that displays this
phenomenon is given in [18, Example 2] where we construct a rotation set
Rot(Φ) ⊂ R2 (associated with a one-sided shift map and a Lipschitz contin-
uous potential Φ) such that ∂Rot(Φ) is a polygon with vertices w1, · · · , wk
and H(wi) = log 2 for i = 1, · · · , k. Moreover, for all vertices wi there exists
a unique localized measure µi of maximal entropy at wi. Note that γ(wi) is
a non-empty closed interval in S1 and for all α in the interior of γ(wi) the
measures µtα·Φ converge to µi. This example can be easily modified so that
H(w1) = log 3 and H(wi) = log 2 for i = 2, · · · , k. Then in view of Theorem
1 we obtain that the measures µtα·Φ converge to µ1 for all α ∈ γ(w1). In this
case, all points in the relative interior of the faces of the Rot(Φ) adjacent to
w1 do not correspond to ground states.
The previous example displays an uncountable set of direction vectors all
of which correspond to the same zero-temperature measure. In the following
we establish the existence of the opposite phenomenon. Namely, we show
that an exposed point w of Rot(Φ) does in general not need to be attained
by the rotation vector of a zero-temperature measure. Moreover, this phe-
nomenon can occur even in the case when there is only one direction vector
in γ(w), i.e. w is a smooth exposed point.
We will need the following. We denote by Fix(f) the set of all fixed points
of f , by Pern(f) the set of all ξ ∈ Fix(f
n) and by Per(f) =
⋃
n Pern(f) the
set of all periodic points of f . Given ξ ∈ Pern(f) we denote by µξ the
unique invariant probability measure supported on the orbit of ξ, that is,
µξ =
1
n
n−1∑
k=0
δfk(ξ), (7)
where δ denotes the Dirac measure supported on the point. Moreover, we
define the rotation vector of ξ by
rv(ξ)
def
= rv(µξ) =
1
n
n−1∑
k=0
Φ(fk(ξ)). (8)
In the next theorem we construct an extension of a one-dimensional po-
tential to Rm that preserves one-dimensional ground states.
Theorem 3. Let f be a continuous map on a compact metric space for which
the entropy map is upper-semi continuous and assume that the periodic point
measures are dense in M. For a closed f -invariant set Y ⊂ X we define the
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potential ϕY : X → R by ϕY (ξ) = dist(ξ, Y ). Suppose that for all t ≥ 0 the
potential tϕY has a unique equilibrium state µtϕY and that GS(ϕY ) contains
k distinct ergodic measures. Then for any m ∈ N there exists a continuous
potential Φ : X → Rm with pr1(Φ) = ϕY such that Rot(Φ) has a smooth
exposed point w that coincides with the rotation vectors of k distinct ergodic
ground states.
Proof. We start by defining Φ = (φ1, ..., φm) : X → R
m with φ1 = ϕY . For
this we define φi (i = 2, ...,m) in the following way. The one-dimensional
rotation set of ϕY is an interval [0, a] for some a > 0. Let (xn) ⊂ [0, a]
be an exponentially decreasing sequence and let εn =
1
4(xn − xn+1). In
this case the ratio εnxn is a positive constant less than
1
4 . Since the periodic
orbits are dense in M, for each n there is a periodic point ξn ∈ X such that
rvφ1(ξn) ∈ (xn − εn, xn + εn). We denote the smallest period of ξn by pn
and let On = {ξn, f(ξn), f
2(ξn), ..., f
pn−1(ξn)}.
We denote by Zn = {ξ ∈ On : d(ξ, Y ) ≤ xn+
1
n} and let Z = (∪
∞
n=1Zn)∪Y .
First we show that Z is a closed subset of X. Suppose (ζj) is a convergent
sequence in Z and its limit is not in Zn for all n ∈ N. Since all sets Zn are
finite, for any l ∈ N there is M > 0 such that ζj is not in ∪
l
i=1Zi for all
j > M . Then dist(ζj , Y ) < xl +
1
l and as a consequence limj→∞ ζj is in Y .
This proves that Z is closed.
We pick any sequence (yn) ⊂ R which satisfies
• 0 < yn ≤ 1
• (yn) monotonically decreases to zero
• limn→∞ nxn/yn = 0
Note that we may take yn = n
−β for any β > 0. For i = 2, ...,m we define
φi(ξ) =


(−1)nyn if ξ ∈ Zn and (i− 2) ≡ n mod (m− 1);
0 if ξ ∈ Zn and (i− 2) 6≡ n mod (m− 1);
0 if ξ ∈ Y .
(9)
Since all limit points of Z are in Y and yn → 0, each φi : Z → R is
continuous. By the Tietze extension theorem we can extend φi to be a
continuous function on X in such a way that sup{|φi(ξ)| : ξ ∈ X} ≤ 1.
Next we estimate the values of the rotation vectors of ξn using the infor-
mation about their projections onto the first coordinate axis. Denote by cn
14 TAMARA KUCHERENKO AND CHRISTIAN WOLF
the cardinality of Zn and let kn =
cn
pn
. Note that kn ≤ 1. We have
pr1(rv(ξn)) =
1
pn
∑
ξ∈On
φ1(ξ)
≥
1
pn
∑
ξ /∈Zn
φ1(ξ)
≥
pn − cn
pn
(
xn +
1
n
)
= (1− kn)
(
xn +
1
n
)
Since rvφ1(ξn) ∈ (xn − εn, xn + εn), we obtain (1 − kn)
(
xn +
1
n
)
≤ xn + εn
and hence
kn ≥
1− nεn
1 + nxn
(10)
The exponential decay of the sequence xn implies that kn → 1 as n→∞.
From now on we assume that n is even and obtain a lower bound for
pri(rv(ξn)), i = 2, ...,m. In the case when n is odd, the upper bound for
pri(rv(ξn)) could be obtained in a similar way. Using (10) for i ∈ {2, ...,m}
and any even n ∈ N satisfying (i− 2) ≡ n mod (m− 1) we have
pri(rv(ξn)) =
1
pn
∑
ξ∈On
φi(ξ)
=
1
pn
∑
ξ∈Zn
yn +
1
pn
∑
ξ /∈Zn
φi(ξ)
≥
cn
pn
yn −
pn − cn
pn
= knyn − (1− kn)
≥
1− nεn
nxn + 1
yn −
nxn + nεn
nxn + 1
= yn
(
1− nεn −
nxn
yn
− nεnyn
nxn + 1
)
When n increases, nεn,
nxn
yn
and nεnyn tend to zero, and hence the expression in
parenthesis above approaches one. In particular, it follows that pri(rv(ξn)) ≥
0 for large even n. In addition,
lim
n→∞
pri(rv(ξ2n))
pr1(rv(ξ2n))
≥ lim
n→∞
y2n
x2n + ε2n
= +∞. (11)
Similarly, when n is large and odd for i ≥ 2 we have pri(rv(ξn)) < 0 and
lim
n→∞
pri(rv(ξ2n+1))
pr1(rv(ξ2n+1))
= −∞. (12)
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Next, we show that Rot(Φ) has a unique supporting hyperplane at the
origin. We denote the direction vector (−1, 0, ..., 0) by α and the origin
by w0. Note that w0 ∈ Rot(Φ). Indeed, since Φ|Y ≡ 0, for any invariant
measure µ supported on Y we have rv(µ) =
∫
Φ dµ = 0. Moreover, for any
w ∈ Rot(Φ) we take µ ∈MΦ(w) and get
α · (w − w0) = −pr1(w) = −
∫
φ1 dµ = −
∫
X
dist(ξ, Y ) dµ(ξ) ≤ 0.
Therefore, the hyperplane through w0 orthogonal to α is a supporting hy-
perplane for Rot(Φ) at w0. Suppose there is another supporting hyperplane
at w0. Denote its normal vector by β = (β1, ..., βm). Let i ∈ {2, 3, ...,m} be
such that βi 6= 0; we may assume βi > 0. It follows from (11) and (12) that
there is an even natural n1 and an odd natural n2 such that
(i− 2) ≡ n1 mod (m− 1) ≡ n2 mod (m− 1)
and
• β1pr1(rv(ξn1)) + βipri(rv(ξn1)) > 0,
• β1pr1(rv(ξn2)) + βipri(rv(ξn2)) < 0.
By (9) for any j ∈ {2, ...,m} \ {i} we have prj(rv(ξn1)) = prj(rv(ξn1)) = 0.
Therefore, rv(ξn1) · β > 0 whereas rv(ξn2) · β < 0 and hence the hyperplane
with normal vector β cuts Rot(Φ). We conclude, that {u ∈ Rm : α · u = 0}
is the only supporting hyperplane of Rot(Φ) at the origin.
Lastly, we show that the origin is an exposed point of Rot(Φ). If a point
w ∈ Rot(Φ) is on the supporting hyperplane, then for some µ ∈ MΦ(w)
w = (
∫
φ1(ξ) dµ,
∫
φ2(ξ) dµ, ...,
∫
φm(ξ) dµ) and the first coordinate of w is
zero. Therefore, for µ-almost any ξ we have dist(ξ, Y ) = φ1(ξ) = 0 and
ξ ∈ Y . Since φi|Y ≡ 0 for i=2,...,m, we obtain that w must be the origin.
For α = (−1, 0, ..., 0) the potential α · Φ = ϕY . Therefore, the corre-
sponding sequence of equilibrium states has k weak∗ accumulation points
µ1α, ..., µ
k
α. Theorem 2 now asserts that rv(µ
1
α) = ... = rv(µ
k
α) = w0. 
In [3] Chazottes and Hochman construct a subshift Y of the full shift X =
{0, 1}N with the following property: For the Lipschitz continuous potential
ϕ(ξ) = −dist(ξ, Y ) the set GS(ϕY ) contains two distinct ergodic invariant
measures. Combining this result with Theorem 3 yields the following.
Corollary 3. Let f : X → X be the one-sided shift map over the alphabet
{0, 1}. Then for every m ∈ N there exists a continuous potential Φ : X →
R
m such that Rot(Φ) has the origin as an exposed point, γ(0) contains only
one direction vector α and GS(α) contains two distinct ergodic ground states
in the direction of α.
Remark 2. The measures constructed in [3] have zero entropy. However,
one can easily obtain measures with positive entropy by considering products
with a full shift. The example in [3] can be generalized so that GS(ϕY )
contains any finite number of distinct ergodic invariant measures. We refer
to [3, Section 4] for more details.
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On the other hand, it is possible to have a zero temperature measure at
an exposed point that is non-ergodic. The corresponding example is given
in Proposition 4 in the next section.
5. Non-exposed points.
The next example addresses the case when the boundary of a rotation
set is not strictly convex. As we mentioned in Section 4, it is not difficult
to construct examples where a non-extreme boundary point does not cor-
respond to a ground state. Here we show that it may also happen at an
extreme (non-exposed) boundary point.
Example 1. Let f : X → X be the one-sided full shift with alphabet
{0, 1, 2, 3}. For a real number a > 0 and i ∈ {1, 2} let ℓi : [0, a] → R be
continuous functions such that ℓ1 is non-negative, increasing and strictly
concave and ℓ2 is non-positive, decreasing and strictly convex. For i = 1, 2
we pick an exponentially decreasing to zero sequence (xi(k))k∈N ⊂ (0, a).
We denote the points on the graphs of ℓi corresponding to xi(k) by vi(k) =
(xi(k), ℓi(xi(k))). Also let wi(∞) = (0, ℓi(0)) and w(0) = (a, 0). We refer
to Figure 1.
Next, we define several subsets of X. Let S1 = {0, 1}, S2 = {2, 3} and
fix λ ∈ N, λ ≥ 3. For i = 1, 2 and all k ≥ λ we define Yi(k) = {ξ ∈ X :
ξ1, . . . , ξk ∈ Si} and Yi(∞) = {ξ ∈ X : ξj ∈ Si for all j}. Note that Yi(∞)
is a full shift on two symbols. Moreover, let Y0(λ) = X \ (Y1(λ) ∪ Y2(λ)).
Finally, we define a potential Φ : X → R2 by
Φ(ξ) =


w(0) if ξ ∈ Y0(λ)
vi(k − λ) if ξ ∈ Yi(k − 1) and ξ 6∈ Yi(k), k > λ, i ∈ {1, 2}
wi(∞) if ξ ∈ Yi(∞), i ∈ {1, 2}
(13)
First we establish the continuity of Φ.
Lemma 1. The potential Φ defined in Example 1 is continuous.
Proof. Let (ξn) be a convergent sequence in X and ξ = lim ξn. If Φ(ξ) =
vi(k) for some i ∈ {1, 2} and k ∈ N, then it follows immediately from (13)
that Φ(ξn) = vi(k) for sufficiently large n.
Now suppose Φ(ξ) = wi(∞) for some i ∈ {1, 2}. The continuity of ℓi
implies that for a given ε > 0 there is k0 such that vi(k) ∈ Bε(wi(∞)) for
all k > k0. Since ξ
n → ξ we have that for n large enough ξn1 = ξ1, ξ
n
2 =
ξ2, ..., ξ
n
k0
= ξk0 . It follows that either ξ
n ∈ Yi(∞) or ξ
n ∈ Yi(k) for some
k > k0. If the former is true, Φ(ξ
n) = wi(∞). Otherwise, Φ(ξ
n) = vi(k) for
k > k0 and hence Φ(ξ
n) ∈ Bε(wi(∞)). 
We denote by wi(j) the rotation vectors of the periodic orbits of length j
whose generators have the first j−1 coordinates in Si and the j
th coordinate
in the complementary alphabet S3−i. Precisely, for j > λ and i = 1, 2 we
have
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x
y
w1(∞)
w2(∞)
w(0)
v1(1)
v1(2)
v1(3)
v2(1)v2(2)
v2(3)
ℓ1
ℓ2
Figure 1. Construction of Φ.
wi(j) =
j−λ∑
k=1
vi(k) + λw(0)
j
. (14)
Lemma 2. There is j0 ≥ λ such that the sequence of points {w1(j)}j>j0
monotonically decreases to w1(∞) and the sequence {w2(j)}j>j0 monotoni-
cally increases to w2(∞).
Proof. It follows from (14) that for any j > λ and i ∈ {1, 2} we have
wi(j)− wi(j + 1) =
1
j(j + 1)
[
λw(0) +
j−λ∑
k=1
vi(k)− jvi(j + 1− λ)
]
. (15)
The first coordinate of wi(j)−wi(j+1) is always positive, since the xi(k) are
decreasing and w(0) = (a, 0) with a > xi(j +1− λ). The second coordinate
of wi(j) − wi(j + 1) simplifies to
j−λ∑
k=1
ℓi(xi(k)) − jℓi(xi(j + 1− λ)). (16)
For i = 1 this expression is positive whenever ℓ1(x1(1)) > (λ + 1)ℓ1(x1(j +
1−λ)). This can always be achieved starting from some j1 since ℓ1(x1(k)) is
a decreasing sequence. Therefore, w1(j) are decreasing for j > j1. Similarly,
w2(j) are increasing for j > j2 where j2 is such that ℓ2(x2(1)) < (λ +
1)ℓ2(x2(j2 + 1− λ)). Letting j0 = max{j1, j2} completes the proof.

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Next we show that the boundary of Rot(Φ) is an infinite polygon (see
Figure 2). Moreover, there is a neighborhood of the segment [w2(∞), w1(∞)]
where the vertices of Rot(Φ) are exactly wi(j), i = 1, 2 and j > j0 for
some integer j0 which depends on properties of the functions ℓi. We prove
this fact in the next proposition, where for simplicity we add an additional
assumption on ℓi that guaranties that we may take j0 = λ.
Proposition 1. Let Φ be the potential defined in Example 1 where, in ad-
dition, we have
∑
∞
k=1 xi(k) < a and (−1)
iℓi(xi(1)) < (−1)
i(λ + 1)ℓi(xi(2))
for i ∈ {1, 2}. Let wi(j) be as in (14) for j > λ and set
wi(λ) =
1
3λ [3(λ− 1)w(0) + (3− i)vi(1) + v3−i(1)]. Then
Rot(Φ) = Conv{w(0), wi(j) : j ≥ λ, i = 1, 2}. (17)
x
y
w1(∞)
w2(∞)
w(0)
v1(1)
v1(2)
v1(3)
v2(1)v2(2)
v2(3)
ℓ1
ℓ2
Rot(Φ)
Figure 2. Rot(Φ) is an infinite polygon.
Proof. Note that Lemma 2 and the fact that (−1)iℓi(xi(1)) < (−1)
i(λ +
1)ℓi(xi(2)) assure that for each i = 1, 2 the sequence of points {wi(j)}j>λ
monotonically converges to wi(∞).
The result of Sigmund that the periodic point measures are dense in M
reduces our considerations to rotation vectors of measures supported on
periodic orbits.
Suppose ξ ∈ X is a periodic point of period n. We may assume that
ξ = (ξ1, ..., ξn, ...) and (ξ1, ..., ξn) is maximally partitioned into k blocks of
sizes n1, ..., nk such that n1+...+nk = n, and each block exclusively contains
elements of either S1 or S2. It follows from the construction of Φ that n·rv(ξ)
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is the sum of blocks of vectors of the form
(λ− 1)w(0) +
nj−(λ−1)∑
i=1
vs(i), (18)
for nj ≥ λ. Here s = 1 if the elements of j
th block are from S1 and s = 2
if the elements of jth block are from S2. In case nj ≤ λ − 1 the block’s
contribution is njw(0).
First we show that rv(ξ) ∈ Conv{w(0), ws(j) : j ≥ λ, s = 1, 2} for k = 2
and n1, n2 ≥ λ. In this case we have
rv(ξ) =
1
n


2(λ− 1)a+
n1−λ+1∑
i=1
x1(i) +
n2−λ+1∑
i=1
x2(i)
n1−λ+1∑
i=1
ℓ1(x1(i)) +
n2−λ+1∑
i=1
ℓ2(x2(i))


The second coordinate of the expression above is zero if and only if n1 =
n2 = λ and in this case the first coordinate is less than a. Hence, By
symmetry we restrict ourselves to the case when the second coordinate of
rv(ξ) is positive, that is n1 > n2. We compare rv(ξ) with points w1(n) and
n1
n w1(n1) +
n2
n w1(n2). Note that
w1(n) =
1
n


λa+
n−λ∑
i=1
x1(i)
n−λ∑
i=1
ℓ1(x1(i))

 ,
n1
n
w1(n1) +
n2
n
w1(n2) =
1
n


2λa+
n1−λ∑
i=1
x1(i) +
n2−λ∑
i=1
x1(i)
n1−λ∑
i=1
ℓ1(x1(i)) +
n2−λ∑
i=1
ℓ1(x1(i))


as long as n2 > λ. When n2 = λ we have
n1
n
w1(n1) +
n2
n
w1(n2) =
1
n


2λa− a+
n1−λ∑
i=1
x1(i) + 2x1(1) + x2(1)
n1−λ∑
i=1
ℓ1(x1(i)) + ℓ2(x2(1))

 .
Using the facts that a >
∑
∞
i=1 xs(i) for s = 1, 2 and λ ≥ 3, for the first
coordinates we obtain
pr1(w1(n)) ≤ pr1 (rv(ξ)) ≤ pr1
(n1
n
w1(n1) +
n2
n
w1(n2)
)
(19)
Since ℓ2 has negative values and ℓ1(x1(n1 − λ + 1)) ≤ ℓ1(x1(1)), for the
second coordinates we obtain
pr2
(n1
n
w1(n1) +
n2
n
w1(n2)
)
≥ pr2(w1(n)) > pr2(rv(ξ)), (20)
and thus rv(ξ) ∈ Conv{w(0), wi(j) : j ≥ λ, i = 1, 2}.
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The case k = 3 is similar. We have n = n1+n2+n3 with n1, n2, n3 ≥ λ. By
symmetry, we may assume that rv(ξ) has a nonnegative second coordinate
and that we can write
rv(ξ) =
1
n
[
3(λ− 1)w0 +
n1−λ+1∑
i=1
v1(i) +
n2−λ+1∑
i=1
v2(i) +
n3−λ+1∑
i=1
v1(i)
]
, (21)
where n1 ≥ n3. We compare rv(ξ) with points
n1+n2−1
n w1(n1 + n2 − 1) +
n3+1
n w1(n3 + 1) and
n1
n w1(n1) +
n2
n w1(n2) +
n3
n w1(n3). We have
rv(ξ)−
[
n1 + n2 − 1
n
w1(n1 + n2 − 1) +
n3 + 1
n
w1(n3 + 1)
]
=
1
n


(λ− 3)a+
n1−λ+1∑
i=n1+n2−λ
x1(i) +
n2−λ+1∑
i=1
x2(i)
n2−λ+1∑
i=1
ℓ2(x2(i)) −
n1−λ+n2−1∑
i=n1−λ+2
ℓ1(x1(i))

 . (22)
Since the first coordinate of the difference is positive and the second is
negative, the point n1+n2−1n w1(n1 + n2 − 1) +
n3+1
n w1(n3 + 1) is to the left
and above of rv(ξ). To compare rv(ξ) with the other point we first consider
the case when all nj are strictly greater than λ. Clearly,
pr1(rv(ξ)) − pr1
(n1
n
w1(n1) +
n2
n
w1(n2) +
n3
n
w1(n3)
)
=
1
n
[x1(n1 − λ+ 1) + x1(n2 − λ+ 1) + x3(n1 − λ+ 1)− 3a] (23)
is negative and the point n1n w1(n1) +
n2
n w1(n2) +
n3
n w1(n3) is to the right of
rv(ξ). On the other hand, using the facts that the function ℓ2 has negative
values and nj > λ we obtain
n · pr2(rv(ξ))− n · pr2
(n1
n
w1(n1) +
n2
n
w1(n2) +
n3
n
w1(n3)
)
= ℓ1(x1(n1−λ+1))+ ℓ1(x1(n3−λ+1))+
n2−λ+1∑
i=1
ℓ2(x2(i))−
n2−λ∑
i=1
ℓ1(x1(i))
< 2ℓ1(x1(2))− ℓ1(x1(1)) < 0. (24)
The last expression is negative since ℓ1(x1(1)) > (λ + 1)ℓ1(x1(2)) by the
assumption on the function ℓ1. Hence, the point
n1
n w1(n1) +
n2
n w1(n2) +
n3
n w1(n3) is above rv(ξ). It follows that rv(ξ) ∈ Conv{w(0), wi(j) : j ≥
λ, i = 1, 2} as long as nj > λ for all j. The case when some of nj are
equal to λ requires separate consideration since the formula for w1(λ) is
different. However, the estimates could be done in a similar way and we
omit them here. We point out that in the case n1 = n2 = n3 = λ we have
rv(ξ) = w1(λ).
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To conclude the proof we notice that the rotation vector of any periodic
orbit can be written as a convex combination of vectors described in the
previous two cases and w0. 
We now show that in the symmetric case all ground states in the direction
of (−1, 0) belong to the rotation class of the mid point between w1(∞) and
w2(∞). Theorem 1 guaranties that all other points in the interior of the
face [w1(∞), w2(∞)] do not correspond to ground states.
Proposition 2. Let Φ = (φ1, φ2) be the potential defined in Example 1
where, in addition, we have x1(k) = x2(k) for all k ∈ N and ℓ2(x) = −ℓ1(x)
for x ∈ [0, a] with ℓ1(x1(1)) > (λ + 1)ℓ1(x1(2)). Suppose α = (−1, 0) and
µα ∈ GS(α). Then rv(µα) = (0, 0).
Proof. Since the segment connecting w1(∞) and w2(∞) is the face corre-
sponding to Hα(Φ), Theorem 1 implies that the first coordinate of rv(µα) is
zero. To show that rv(µα) = (0, 0) we prove that rv(µtα·Φ) have zero second
coordinate for all t > 0, i.e.
∫
φ2 dµtφ2 = 0.
We define a map T : X → X by T (ξ) = ξ¯ where
ξ¯j =
{
ξj + 2, if ξj ∈ S1;
ξj − 2, if ξj ∈ S2.
(25)
Note that if ξj is in Si then ξ¯j is in the complementary alphabet S3−i for
i ∈ {1, 2}. It follows that
• ξ ∈ X0 ⇐⇒ ξ¯ ∈ X0;
• ξ ∈ Xi(k) ⇐⇒ ξ¯ ∈ X3−i(k) for i ∈ {1, 2}.
The symmetry in the definition of Φ implies that Φ(ξ¯) = (φ1(ξ),−φ2(ξ)).
Clearly, T is a homeomorphism (T = T−1) and T ◦ f = f ◦ T . For any
invariant measure µ the dynamical systems f : (X,µ) → (X,µ) and f :
(X,µ ◦ T ) → (X,µ ◦ T ) are metrically isomorphic. Therefore, hµ(f) =
hµ◦T (f).
For α = (−1, 0) measure µtα·Φ is the equilibrium state for the potential
tα · Φ = −tφ1. Since hµtα·Φ(f) = hµtα·Φ◦T (f) and
∫
φ1(ξ) dµtα·Φ ◦ T (ξ) =∫
φ1(ξ¯) dµtα·Φ(ξ) =
∫
φ1(ξ) dµtα·Φ(ξ), the measure µtα·Φ ◦ T is also an equi-
librium state for the potential −tφ1. The uniqueness of equilibrium states
implies µtα·Φ ◦ T = µtα·Φ. However,∫
φ2(ξ) dµtα·Φ ◦ T (ξ) =
∫
φ2(ξ¯) dµtα·Φ(ξ) = −
∫
φ2(ξ) dµtα·Φ(ξ)
and thus we must have
∫
φ2 dµtα·Φ = 0.
It follows that rv(µtα·Φ), for t > 0 are on the x-axis. The rotation vector of
their accumulation point is the intersection of the x-axis and the boundary
of the rotation set of Φ, which is (0, 0). All other points on the boundary
strictly between w2(∞) and w1(∞) are not rotation vectors of the ground
states of Φ.

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Now we specify the functions ℓ1 and ℓ2 so that w1(∞) and w2(∞) are
extreme non-exposed points of the rotation set of Φ (see Figure 3). Then we
apply Proposition 2 and conclude that even if the point on the boundary is
extreme (but non-exposed) it might not correspond to a rotation vector of
any ground state of Φ.
x
y
w1(∞)
w2(∞)
w(0)
ℓ
Rot(Φ)
Figure 3. Points w1(∞) and w2(∞) are smooth exposed
boundary points of Rot(Φ).
Proposition 3. Let X, f and Φ be as in Example 1. Consider
ℓ(x) =
1
130
−
1
ln(x)
, for x > 0; ℓ(0) =
1
130
Let ℓ1(x) = ℓ(x), ℓ2(x) = −ℓ(x), x1(k) = x2(k) = e
7−10k for k ∈ N,
a = e−2 and λ = 3. Then w1(∞) = (0,
1
130 ) and w2(∞) = (0,−
1
130 ) are
extreme non-exposed points on ∂Rot(Φ). All points on the line segments
[w2(∞), 0) , (0, w1(∞)] ⊂ ∂Rot(Φ) are not rotation vectors of ground states
of any direction α ∈ S1.
Proof. One may check by direct computations that the function ℓ(x) and
the points a, xi(k) satisfy all the conditions of the Proposition 1. Hence,
Rot(Φ) = Conv{w(0), wi(j) : j ≥ λ, i = 1, 2} and the segment of the vertical
axis between w1(∞) and w2(∞) is the face of Rot(Φ).
Next we show that the slopes of the lines passing through w1(∞) and
w1(j) increase without bound as j →∞. This implies that the vertical axis
GROUND STATES AND ROTATION SETS 23
is the only supporting line at w1(∞) . We compute the slope
pr2(w1(j)− w1(∞))
pr1(w1(j)− w1(∞))
=
j−3∑
k=1
1
10k−7 −
3
130
j−3∑
k=1
e7−10k + 3e−2
and see that the series in the numerator diverges whereas the series in the
denominator converges. Therefore w1(∞) is an extreme non-exposed point
on the boundary of Rot(Φ). By symmetry, w2(∞) is an extreme non-exposed
point as well. The statement now follows from Theorem 1 and Proposition
2. 
Remark 3. Recall that µ ∈ M is called a maximizing measure of a po-
tential ϕ if
∫
ϕdµ ≥
∫
ϕdν for all ν ∈ M (see [16] for further informa-
tion about maximizing measures). It follows immediately from the defi-
nitions of Rot(Φ),Hα(Φ) and Fα(Φ) that every invariant measure µ with
rv(µ) ∈ Fα(Φ) is a maximizing measure for the potential α · Φ. Apply-
ing this observation to the example in Proposition 3 shows that for all
w ∈ [w2(∞), 0) ∪ (0, w1(∞)] all measures in Mφ(w) are maximizing mea-
sures of the potential α · Φ but none of these measures is a ground state.
Next, we consider the case when points w1(∞) and w2(∞) are both at
the origin. We show that there exists a zero temperature measure in the
direction α = (−1, 0) which is non-ergodic. Choosing the functions ℓ1 and
ℓ2 in a similar way as in Proposition 3 we obtain that the vertical axis is
the only supporting line at the origin. This provides an example of a non-
ergodic zero temperature measure at a smooth exposed point, which was
promised in Section 4.
Proposition 4. Let X, f and Φ be as in Example 1. Consider ℓ(x) =
−1/ ln(x), for x > 0; ℓ(0) = 0. Let ℓ1(x) = ℓ(x), ℓ2(x) = −ℓ(x), x1(k) =
x2(k) = e
7−10k for k ∈ N, a = e−2 and λ = 3. Then the origin is a smooth
exposed point on ∂Rot(Φ) and for α = (−1, 0) there is a non-ergodic measure
µ such that GS(−1, 0) = {µ}.
Proof. As an immediate consequence of Proposition 2 we obtain that the
origin is an exposed point of the rotation set of Φ and the vertical axis
is the only supporting hyperplane at the origin. Therefore, if µ ∈ GS(Φ)
and rv(µ) = (0, 0) then µ ∈ GS(α), where α = (−1, 0). Let µα be such a
measure. Since Φ has non-negative values and
∫
Φ dµα = (0, 0), we obtain
that the preimage of the origin under Φ is a set of full measure µα. On the
other hand, Φ(ξ) = (0, 0) if and only if either ξk ∈ S1 for all k ∈ N or ξk ∈ S2
for all k ∈ N. Therefore, the support of measure µα is contained in the union
of two full shifts with alphabets S1 and S2. Denote the unique ergodic
entropy maximizing measures for these shifts by µ1 and µ2 respectively.
Since µα also maximizes entropy at the origin, its ergodic decomposition
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must be a convex combination of µ1 and µ2, i.e. µα = sµ1 + (1 − s)µ2 for
some s ∈ [0, 1]. Applying the operator T from Proposition 2 we obtain
sµ1 + (1− s)µ2 = µα
= T ◦ µα
= sT ◦ µ1 + (1− s)T ◦ µ2
= sµ2 + (1− s)µ1
and hence s = 12 . It follows that µα =
1
2µ1+
1
2µ2 is the unique ground state
in the direction α, which is not ergodic. 
Finally we show that the set {rv(µ) : µ ∈ GS(α)} does not necessarily
have to be a singleton. To obtain such an example we consider a shift map
and construct an appropriate 2-dimensional potential. As a consequence of
Theorem 1 (b), we obtain a set of ground states associated with one direction
vector whose rotation vectors form a non-trivial line segment.
Theorem 4. Let f : X → X be the one-sided full shift over the alphabet
{0, 1}. Then there exists a Lipschitz continuous potential Φ : Σ2 → R
2
and a direction vector α such that rv(GS(α)) is a non-trivial compact line
segment.
Proof. We start with the definition of Φ = (φ1, φ2) : X → R
2. Let Y ⊂ Σ2
the subshift in the example of Chazottes and Hochman [3] (see Section 3).
We define φ1(ξ) = dist(ξ, Y ). It follows that φ1 is Lipschitz continuous and
that GS(φ1) contains two ergodic ground states µ1 and µ2 that are both
supported on Y . Let b > 0 such that Rot(φ1) = [0, b]. Let a > 0. Since
µ1 6= µ2 there exist disjoint cylinders C1, C2 ⊂ X with µ1(C1) > µ2(C1) ≥ 0
and µ2(C2) > µ1(C2) ≥ 0. Set
c1 =
a(µ1(C2) + µ2(C2))
µ1(C1)µ2(C2)− µ2(C1)µ1(C2)
, c2 =
−a(µ1(C1) + µ2(C1))
µ1(C1)µ2(C2)− µ2(C1)µ1(C2)
.
We define φ2 = c11C1 + c21C2 where 1C denotes the characteristic function
of a set C. It follows that Φ = (φ1, φ2) is Lipschitz continuous,
∫
φ2dµ1 = a,
and
∫
φ2dµ2 = −a.
We now consider the rotation set Rot(Φ). Set w1 = (0, a) and w2 =
(0,−a). The fact that
∫
φ1dµi = 0 for i = 1, 2 yields w1, w2 ∈ Rot(Φ).
Moreover, since [0, b] = Rot(φ1) there exists w3 ∈ Rot(Φ) with pr1(w3) = b.
Hence, Rot(Φ) has non-empty interior. Using that φ1 ≥ 0 and w1, w2 ∈
Rot(Φ) we conclude that the y-axis is a supporting hyperplane of Rot(Φ).
Let α = (−1, 0) denote the corresponding direction vector. We obtain that
µ1, µ2 ∈ GS(α). It now follows from Theorem 1 (b) that rv(GS(α)) is a
compact line segment contained in the y-axis with w1, w2 ∈ rv(GS(α)).
Therefore, the line segment with end points w1 and w2 is contained in
rv(GS(α)). 
Remark 4. We note that the potential Φ in Theorem 4 has the feature that
the curve t 7→ rv(µtα·Φ) is analytic [18] and has infinite length.
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